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Abstract
We investigate the relations between the black hole shadow and charged AdS black
hole critical behavior in the extended phase space. Using shadow formalism built in [1],
we reveal that the shadow radius can be considered as an efficient tool to study thermo-
dynamical black hole systems. Based on such arguments, we build a thermal profile by
varying the RN-AdS black hole temperature on the shadow silhouette. Among others,
the Van der Waals-like phase transition takes place. This could open a new window
on the thermal picture of black holes and the corresponding thermodynamics from the
observational point of view.
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1 Introduction
The Event Horizon Telescope (EHT) image has been considered as a relevant achievement of
the Einstein theory of gravitation [2,3]. The black hole image, in the center of M87? galaxy,
provides huge and immense supports to its existence in the cosmos parallelly with gravita-
tional wave detections by LIGO and Virgo [4]. It has opened a new window to understand
the elements of the gravitation theory and brought primordial information concerning jets
and matter dynamics around such compact objects. Precisely, the shadow of a black hole
can be interpreted as an abundant source of data describing the black hole hairs including
the mass, the charge, and the rotation physical parameters. This can be exploited to un-
veil physical constraints on the gravitational theories [5–7]. More precisely, the black hole
shadow corresponds to the gravitational lensing of light around massive objects. Interposing
the black hole between an observer and certain sources, it has been observed that not all
emitted lights can come to the observer after communication with the strong gravitational
field of the black hole. In this way, certain photons collapse into the black hole generat-
ing the so called shadow. Many investigations have been elaborated including the seminal
works [8,9] dealing with the shadow of a Schwarzschild black hole and extensions to rotating
cases [8–15]. In particular, this direction has been extensively investigated using different
ways and methods [16–24,24–41].
Recently, it has been remarked that the study of thermodynamic proprieties of black holes,
in AdS spacetime, has received remarkable interests [42–59]. Interpreting the cosmological
constant in such a space as the pressure of the general thermodynamic system P = − Λ
8pi
= 3pi
8`2
,
many interesting results have been obtained for various black hole solutions. Concretely, it
has been found a nice interplay between the black hole state parameter and the Van der
Waal’s state equation generating a critical phenomenon in AdS spacetime backgrounds.
More recently, such issues have been linked to shadow formalism. In particular, it has
been established a direct bridge between the black hole thermodynamical systems and the
shadow black holes [1].
The aim of this work is to contribute to these activities by investigating the thermal pro-
file of AdS black hole shadows. Precisely, we study the correlation between the black hole
shadows and RN- AdS black hole critical behaviors in the extended phase space. Based on
the associated developed analysis, we show that the shadow radius can be considered as an
efficient tool to study thermodynamical black hole systems. In particular, we construct a
thermal profile by varying the RN-AdS black hole temperature on the shadow silhouette,
where the Van der Waals-like phase transition takes place. We expect that this could open
a new gate for unveiling the thermal picture of black holes and the corresponding thermo-
dynamics from the observational point of view.
The paper is structured as follows. In section.2, we give a concise review on shadow
formalism applied to AdS black holes. In section.3, we show that the Van der Waals-like
phase transition in T − rh persists in T − rs plane. In section.4, we present a thermal profile
of the shadow associated with the RN-AdS black hole. In particular, we show that the
oscillation behavior of the temperature characterizing the Van der Waals-like transition can
be directly observed in such a thermal picture. The last section is reserved to conclusions
and certain open questions.
2
2 Shadows and thermodynamics of black holes
In this section, we give a concise review on the known results on the black hole shadow and
the corresponding thermodynamics being firstly developed in [1]. For more details, we refer
to such a work. Indeed, we consider a static spherically symmetric space-time background
which can be described by the following line element expression
ds2 = −f(r)dt2 + dr
2
g(r)
+ r2dθ2 + r2 sin2 θdφ2. (1)
f(r) and g(r) stand for the blacking functions which depend on the variable r. Following
[1, 51], the Hamiltonian describing a massless photon moving reads as
H = 1
2
gijpipj = 0. (2)
Considering a photon motion on the equatorial plane required by θ = pi/2, Eq.(2) reduces to
1
2
[
− p
2
t
f(r)
+ g(r)p2r +
p2φ
r2
]
= 0. (3)
Since Hamiltonian does not depend explicitly on the coordinates t and φ, the associated two
constants of motion can be written as
pt ≡ ∂H
∂t˙
= −E and pφ ≡ ∂H
∂φ˙
= J . (4)
In this way, the quantities E and J are considered as the energy and the angular momentum
of the photon, respectively. Exploiting the Hamiltonian formalism, the associated equations
of motion are
t˙ =
∂H
∂pt
= − pt
f(r)
, φ˙ =
∂H
∂pφ
=
pφ
r2
, and r˙ =
∂H
∂pr
= prg(r), (5)
Here, the over dot is the derivative with respect to the affine parameter τ and pr is the
radial momentum. They provide a complete description of the dynamics where the effective
potential reads as
Ve + r˙
2 = 0, (6)
from which one obtains
Ve = g(r)
[J 2
r2
− E
2
f(r)
]
. (7)
It is worth nothing that the photon spherical geometry is associated with the constraints
Ve = 0,
∂Ve
∂r
∣∣∣∣
r=rp
= 0 (8)
It has been shown that this produces an equation parameterizing the orbit of the photon
dr
dφ
=
r˙
φ˙
=
r2g(r)pr
J . (9)
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Using Eq.(3), an explicit form for the Eq.(9) can be obtained as follows
dr
dφ
= ±r
√
g(r)
[
r2E2
f(r)J 2 − 1
]
. (10)
The turning point of the photon orbit being interpreted mathematically by the constraint
dr
dφ
∣∣∣
r=R
= 0 gives
dr
dφ
= ±r
√
g(r)
[
r2f(R)
f(r)R2
− 1
]
. (11)
For later use, we consider a light ray sending from a static observer placed at ro and trans-
mitting into the past with an angle α with respect to the radial direction. This configuration
is illustrated in Fig.1. In this way, we have
x
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photon
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a
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F
F
Figure 1: Black hole shadow seen by an observer placed at ro [51].
cotα =
√
grr√
gφφ
dr
dφ
∣∣∣
r=ro
=
1
r
√
g(r)
dr
dφ
∣∣∣
r=ro
. (12)
Exploiting Eq.(11), one obtains
cot2 α =
r2of(R)
f(ro)R2
− 1, sin2 α = f(ro)R
2
r2of(R)
. (13)
In this context, one gets the angular radius of the black hole shadow by sending R to rp being
the circular orbit radius of the photon appearing in Eq.(8). Precisely, the shadow radius of
the black hole observed by a static observer placed at ro is given by
rs = ro sinα = R
√
f(ro)
f(R)
∣∣∣∣∣
R=rp
. (14)
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According to [1], a link between the black hole shadows and the black hole thermodynamics
has been established. Exploiting the heat capacity
C = T
(
∂S
∂T
)
(15)
and using the fact that the entropy is related to event horizon by S = pir2h, with
∂S
∂rh
> 0,
the sign of C is directly deduced from the one of ∂T
∂rh
. The computation leads to
dT
drh
=
dT
drs
drs
drh
. (16)
When the constraint drs
drh
> 0 is satisfied, one can consider
Sgn(C) = Sgn
(
∂T
∂rs
)
. (17)
Having discussed the associated shadow backgrounds, we move to prob the link between the
shadow radius of the black hole and its phase transition structure including the Van der
Waals like phase one. To do so, we consider a AdS black hole solution with a charge Q
corresponding to the following blacking function
f(r) = g(r) = 1− 2M
r
+
Q2
r2
+
8piPr2
3
, (18)
where M is the corresponding mass. It is noted that P is linked to the AdS radius ` via
P = 3
8pi`2
[43, 45]. The event horizon is associated with the large root of the equation
f(r)|r=rh = 0, while the Hawking temperature is obtained from the relation
T =
f ′(r)
4pi
∣∣∣∣
r=rh
=
1
4pirh
− Q
2
4pir3h
+ 2Prh. (19)
The heat capacity can be expressed as
C =
2pir2h (8piPr
4
h −Q2 + r2h)
8piPr4h + 3Q
2 − r2h
. (20)
Using the constraint on the effective potential Eq.(8), we can obtain the formula of the
photon circular orbit radius
rp =
1
2
(
3M +
√
9M2 − 8Q2
)
. (21)
It follows that this does not depend on the AdS radius `. Eq.(14) allows one to get the
RN-AdS black hole shadow as follows
rs =
√
6f(ro)Q
(√
9M2 − 8Q2 + 3M
)
√
9M2 (32piPQ2 − 1) + 3M√9M2 − 8Q2 (32piPQ2 + 1) + 4Q2 (3− 32piPQ2) .
(22)
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A observer at spatial infinity can be mathematically translated by imposing the constraint
f(r0) = 1, giving the following form of the shadow radius
rs =
√
6Q
(√
9M2 − 8Q2 + 3M
)
√
9M2 (32piPQ2 − 1) + 3M√9M2 − 8Q2 (32piPQ2 + 1) + 4Q2 (3− 32piPQ2)
(23)
In the vanishing limit of pressure/cosmological constant P → 0, associated with a large
AdS spacetime radius `→∞, we recover the result reported in [1]. To cheek the condition
drs
drh
> 0 from Eq.(16), we illustrate the variation of the shadow radius rs in terms of the
horizon radius rh in Fig.2. It follows from this figure that rs increases in terms of rh ensuring
1.0 1.5 2.0 2.5
1.070
1.075
1.080
1.085
1.090
rh
rs
Figure 2: The variation of shadow radius rs in in terms of the event horizon radius rh, here we have set
Q = 1 and P = 0.1.
that the positivity of the first derivative of rs with respect of rh. Eq.(16) shows that the
temperature exhibits similar behaviors for both variables rs and rh.
The rest of paper is the main investigation part. In particular, we study the phase tran-
sition of AdS black holes using shadow analysis.
3 Phase transition of charged AdS black hole using
shadow formalism
In this section, we would like to investigate the phase transition of four-dimensional charged
AdS black hole using shadow formalism. Considering the temperature expression Eq.(19)
and the heat capacity Eq.(20), we can plot the isobare curves on the T − rh,s and C − rh,s,
respectively1 for a fixed value of the charge Q. The plots are depicted in Fig.3. They
1The subscript indices h and s are associated with the event horizon radius and the black hole shadow
radius, respectively.
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Figure 3: Top: The relation between horizon radius rh (left), shadow radius rs (right) and temperature for
different values of the pressure. The solid line corresponds to the location of the first-order phase transition,
while the dashed line to the second-order one. T? is the coexistence temperature. Buttom: The heat capacity
versus rh (left) and rs (right) for different values of the pressure. For all panels, we have set the charge
Q = 1.
show obviously similarities with the Van der Waals phase transitions. It follows that, for
different pressure, such curves behave differently. For the large values of pressure P > Pc,
the temperature involves monotonic behaviors. While, the heat capacity is a continuous
function for both variables rh and rs. For small pressures P < Pc, however, we can observe
that the temperature curves are not monotonic. An examination, either on Eq.(20) or
on Fig.3, shows that the specific heat capacity changes its sign. Concretely, it changes
from positive to negative and then it becomes positive again. For an intermediate range
of event horizon/shadow radius (rh/rs), the black hole is thermodynamically unstable. In
fact, there are three black holes competing thermodynamically. The smallest black hole
associated with the domain [0, rh1,s1 ] continues to win until the coexistence temperature
T?. Above such a temperature, the system is considered as a large black hole associated
with the interval [rh1,s2 ,∞]. To remove the unstable intermediate branch associated with
the domain [rh1,s1 , rh2,s2 ], we can easily verify the so-called construction of the Maxwell’s
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equal-area interpreted in each plan by{
T?(rh2 − rh1) =
∫ rh1
rh2
Tdrh,
T?(rs2 − rs1) =
∫ rs1
rs2
Tdrs
. (24)
These two equalities are illustrated in Fig.3 by the two colored surfaces A1 and A2 in each
top panel. The Eqs.(24) are equivalent geometrically to A1 = A2, showing that the system
exhibits a phase transition being a first-order one. In the case of P = Pc, the smallest
black hole and the largest one merge into one squeezing out the unstable black hole. It has
been observed an inflection point in the T − rh,s planes, being indicated by dashed lines of
Fig.3. At such a point, the specific heat capacity is divergent revealing that this phase tran-
sition undergoes a second-order phase transition. In this way, the critical thermodynamical
quantities can be obtained by the help of the following equations
∂T
∂rh,s
∣∣∣∣
P,Q
=
∂2T
∂r2h,s
∣∣∣∣∣
P,Q
= 0. (25)
Substituting Eq.(19) into Eq.(25), we can find certain critical quantities. Indeed, the critical
pressure, the critical event horizon radius and the critical temperature are given by
Pc =
1
96piQ
, rhc =
√
6Q and Tc =
1
3
√
6piQ
. (26)
These give a critical shadow radius which reads as
rsc = 3
√
1
23
(
29 + 12
√
6
)
Q ≈ 4.78014Q. (27)
It has been remarked that the thermodynamical behaviors in T − rh and T − rs planes share
many similarities. This could open new gates to prob the phase picture of RN-AdS black
holes in terms of their shadows.
To go beyond such an investigation, we examine the behavior of the shadow radius near
the second-order phase transition. To see how this works, we evaluate the critical exponent
associated with such a radius. Indeed, we first introduce the following reduced quantities
associated with the temperature, the event horizon radius rh and the shadow radius rs
T˜ =
T
Tc
, r˜h =
rh
rhc
and r˜s =
rs
rsc
(28)
which are obtained from Eq.(19), Eq.(26) and Eq.(23). Then, we determine the width of the
coexistence lines. Concretely, we analyze the behavior of the shadow radius ∆r˜s
∆r˜s = r˜s2 − r˜s1 (29)
before and after the second-order small-large black hole phase transition in T˜ − r˜s diagram.
In the left panel of Fig.4, we illustrate the difference ∆r˜s as a function of the reduced
temperature T˜ . It turns out that this allows one to interpret ∆r˜s as an order parameter
corresponding to the phase transition of the small-large black holes. As expected, the width
of the coexistence line decreases with the reduced temperature, having non zero values at
the first-order phase transition. However, it shrinks at the critical point. A close inspection
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Figure 4: Left: The ∆r˜s as function of reduced temperature T˜ The. Right: Fitting curves ∆r˜s versus T˜?
near the critical temperature. For both panels we have set Q = 1.
around the second-order phase transition in the right panel of Fig.4 shows that the concavity
of the graph is reversed. In particular, it is almost convex at the first-order phase transition.
However, near the critical one Tc, it becomes concave.
To check the consistency of such a finding, we compute the critical exponent character-
izing the universal behavior of the reduced differences ∆r˜s around the second-order phase
transition. Precisely, we numerically fit the data according to the form
∆r˜s ∼ ξ
(
1− T˜
)ζ
. (30)
Indeed, we can provide a relation between the reduced black hole shadow radius and the
reduced temperature near Tc. It is given by
∆r˜s ' 0.824796(1− T˜ )0.500102. (31)
Under such a numerical accuracy, we can obviously claim that the shadow radius around
RN-AdS black hole reveals an universal critical exponent being close to 1/2. Moreover,
we can cheek the concavity of the graphs shown in the left panel of Fig.4 near the critical
temperature. Using the derivation of Eq. (30)
d2∆r˜s
dT˜ 2
= −ξζ (1− ζ)
(
1− T˜
)ζ−2
< 0, (32)
the graph must be strictly concave when T goes to Tc. We expect that the detection of
concavity change can be considered as signatures of an uncovered criticality. Therefore, the
black hole shadow radius could be used to unveil the Van der Waals-like phase transition in
RN-AdS black hole backgrounds.
4 Thermal profile on the shadow silhouette
In this section, we would like to build the so-called thermal image of such a shadow black
hole in order to show that the complete Van der Waals-like phase picture reported in [43] via
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revisited T − rh curve and within T − rs diagrams of Fig.3 can be reflected in the thermal
profile.
To visualise the shadow boundary curve, we can exploit the stereographic projection in
terms of the cartesian coordinates (x, y), reported in [20], using the following equations
x = lim
r→∞
(
−r2 sin θ0dφ
dr
)
θ0→pi2
(33)
y = lim
r→∞
(
r2
dθ
dr
)
θ0→pi2
. (34)
Indeed, we provide the behaviour of the shadow circular shape of the RN-AdS black hole for
different values of the pressure seen by an observer situated at ro and an angle α. This is
illustrated in Fig.5 for a fixed value of the charge Q. It has been observed that the size of
the circular shape of the black hole shadow depends on the pressure. Concretely, it becomes
large when P < Pc. However, it decreases as P increase. To unveil more information on such
-5 0 5
-5
0
5
x
y P>Pc
P=Pc
P<Pc
Figure 5: Apparent shape of the charged AdS black hole, as seen by an observer at (ro, α = pi2 ) for different
values the the thermodynamical pressure P . Here we have set the mass M = 60 and the charge Q = 1.
an analysis of the black hole phase structure and its shadow, we implement the temperature
in order to produce a thermal image. To do so, we consider separately the shadow silhouette
for the P < Pc, P = Pc and P > Pc cases. By the use of existing map between the polar
and the cartesian coordinates, we turn on the temperature variation in terms of rs on the
shadow circular shape. This effect is plotted in Fig.6.
It is noted that the Fig.6 is built from the superposition of each graph from the top-
right panel of Fig.3 and its associated circular shape presented in Fig.5. A close examination
shows that one has the following findings corresponding to the above three situations P < Pc,
P = Pc and P > Pc.
• Case P > Pc (Top right panel):
It has been seen that the temperature increase monotonically from the center of the
10
0 0.01 0.02 0.03 0.04 0.05 0.06
T
T
0.0390
0.0395
0.0400
0.0405
0.0410
Figure 6: Superposition of the temperature profile on the silhouette of the shadow cast by the RN-AdS black
hole for each thermodynamical case. We have set M = 60, and Q = 1.
shadow (cold region) to its boundary (hot region), which matches perfectly with Cyan
curve of Fig.3.
• Case P = Pc (Top middle panel):
The variation is also an increasing in terms of rs. In this case, the stagnation near
the critical point is interpreted by the large light bluish zone being consistent with
the dashed green curve appearing in Fig.3. The dotted-dashed line corresponds to the
critical temperature.
• P < Pc. (Top left panel)
The global variation of the temperature in small and large domains is clearly disclosed
within the color gradient of the bar-legend. However, the most relevant discussed
case is associated with the temperature. This reveals an oscillator behavior between
the points rs1 and rs2 of the red curve in Fig.3 being originated from the Maxwell
construction. This behavior can be also observed from the thermal image where the
11
radius rs1,2 are represented by the dashed and the dotted circles respectively. At first
sight, it is not evident to distinguish the oscillation behavior. To overcome that, a
deeper zoom is realized in the down panels of Fig.6. Decoding the bar-legend, it has
been remarked that the variation of the color passes from blue (T = T? = 0.0397) to
red (T = 0.0410) and to darker violet (T = 0.0390). Then, it becomes again blue.
This shows that the intermediate phase, where the small and large black holes coexist,
is distinctly persisting in the thermal profile.
We believe that the obtained results could be seen as a powerful observational tool to probe
the thermodynamics of such a black hole associated with experiment activities including
LIGO, VIRGO and especially the Event horizon telescope.
5 Conclusion
In this work, we have investigated the shadow of charged AdS black holes being considered
as a new way to probe the Van der Waals-like phase picture in the extended phase space.
Using Hamiltonian formalism, we have, first, exploited the equations of motion controlling
the photon dynamics associated with the equatorial plane in such curved backgrounds to
build the associated shadow circular shape. Then, nice similarities in the context of phase
transition portrait between (T, rh) and (T, rs) have been established. For pressure values
under the critical one (P = Pc), the oscillatory curve of the temperature in terms of rs as
of rh has provided the presence of a coexistence region for small/large black holes showing
that the system undergoes a first-order phase transition. For the second-order phase transi-
tion, however, the numerical calculations of the critical exponent in ∆r˜s − T˜ diagram have
generated a value being close to 1/2 which matches perfectly with the Van der Waals fluid
systems. To support the present study, we have built a thermal image of such a black hole by
varying the temperature on the shadow circular shape. In such an image, we have observed
clearly the critical behaviors of RN-AdS black hole solutions in the extended phase space.
This work comes up with certain open questions. Among others, it will be interesting
to consider rotating and dS black hole solutions. Motivated by EHT image and its related
observational data, it could be possible to build a thermal image of real astronomical black
holes. Such questions might be addressed in future works.
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